2+ spiral wave is observed in a large number of cell types. Based on a Ca 2+ model presented by Atri et al., the propagation and synchronization of the intracellular Ca 2+ spiral waves are numerically studied and some interesting results are obtained. (i) The largest Lyapunov exponents versus bifurcation parameter is calculated to investigate the oscillation of Ca 2+ and it is found that almost all of the largest Lyapunov exponents are negative except for some others that are very close to zero (with an order of magnitude about 10 −4 to 10 −5 ).
Introduction
The spiral wave is observed in the chemical, physical and biological systems [Winfree, 1987; Bär et al., 1994; Wilkins & Sneyd, 1998; Mckenzie & Sneyd, 1998; Xin, 2000] . Many effective schemes have been proposed to remove the spiral wave in excitable and/or oscillatory media [Ouyang & Felesselles, 1996; Aliev & Panfilov, 1996; Holden, 1997; Mikhailov & Showalter, 2006; Ma et al., 2007; Liu & Wang, 2008] since some reliable evidence has confirmed that the spiral wave in cardiac tissue is responsible for certain harmful heart disease, like arrhythmia and it is thought that the breakup of spiral wave in the cardiac tissue can cause a rapid death of heart, which is called ventricular fibrillation. Most of the previous works [Zhang et al., 2006; Chen et al., 2007] focussed on eliminating the spiral wave, preventing breakup of spiral wave and studying the mechanism of instability of spiral wave in the media. It is also confirmed that local periodical forcing scheme, external polarized electric field and spatial parameter perturbation scheme are useful to remove the spiral wave in the media.
On the other hand, spiral wave is also observed in neocortex in experiments [Huang et al., 2004; Schiff et al., 2007] and some authors suggested that the spiral wave in neocortex can be studied by using networks of neurons [Perc, 2007; Wang et al., 2008a Wang et al., , 2008b . In most previous works on spiral wave in networks of neurons, special but appropriate initial values are selected for the membrane potentials and other variables of the neurons are selected from few sites, and the neurons in other sites are fixed at quiescent states. In this way, spiral wave seed is generated and a stable spiral wave is developed to occupy the entire networks of neurons within appropriate topologies and parameter regions. And propagation of spiral wave in the quiescent area of networks of neurons indicates that neuron signals can still be communicated to break through these quiescent domain where neurons are not active, the reason being that spiral wave is self-sustained.
Oscillations in the concentration of intracellular Ca 2+ are thought to play an important role in many cellular processes, for example, muscle contraction, etc., and the study on Ca 2+ oscillation has been investigated extensively [Perc, 2007; Perc & Marhl, 2003a , 2003b Marhl et al., 2006; Marhl et al., 2008; Wang et al., 2009] . The Ca 2+ concentration is often observed to oscillate [Atri et al., 1993] with periods ranging from a few seconds to more than a minute, and the oscillations seldom occur uniformly throughout the cell, but are organized into repetitive intracellular waves [Shuai & Jung, 2002] . Intracellular Ca 2+ spiral wave [Lechleiter et al., 1991; Tang et al., , 2009 Falcke et al., 1999; Falcke et al., 2003; is often observed in large cells such as Xenopus oocytes. Up to the best of our knowledge, the Ca 2+ spiral wave describes the collective behavior of Ca 2+ oscillation, and it is useful to explain the role of Ca 2+ oscillation in signals communication, etc. Cornell-Bell et al., 2004] . Up to now, the mechanism and initial steps of Ca 2+ response is clear. An agonist activates a series of reactions that results in the production of the messenger called inositol 1,4,5-trisphosphate (IP 3 ) [Putney & Bird, 1993] when it binds to its receptor. Furthermore, IP 3 diffuses throughout the cell cytoplasm and binds to IP 3 receptors in the endoplasmic reticulum (ER [Li et al., 1998; Sun et al., 1998 ]. For example, Sneyd et al. discovered that intercellular propagation of the Ca 2+ wave is mediated by the movement of inositol 1,4,5-trisphosphate (IP 3 ) through gap junctions [Sneyd et al., 1994; Sneyd et al., 1995] . Therefore, it is reasonable to study the transitions of Ca 2+ waves when the controllable parameters IP 3 and diffusion coefficient are fixed at different values. And the results on the propagation of Ca 2+ spiral waves in a cell and synchronization of Ca 2+ spiral waves between two layers can shed light on the understanding of how Ca
2+
wave signal breaks through the quiescent domain by propagating Ca 2+ spiral wave.
Theoretical Model
In the following studies, the model of Atri et al. [1993] , used to describe the intracellular Ca 2+ spiral wave in Xenopus oocytes will be used to investigate the local dynamics, development and survival of the spiral wave, and synchronization of spiral waves between two layers (or two cells, each cell can be simplified as a layer). 
s, and the biological meanings of these parameters can be found in [Atri et al., 1993] in detail.
Numerical Results and Discussion
In this section, the local dynamics, formation and development of Ca 2+ spiral wave, synchronization of spiral waves between two layers will be investigated, respectively. The media is discretized into 200×200 square grids in numerical simulation, time step is selected with 0.001, and no-flux boundary condition is used. In the case of synchronization of Ca 2+ spiral waves of two layers, the same parameters are used in both layers, and the Ca 2+ concentration coupling-induced synchronization of spiral waves is discussed in detail.
Local dynamics
The parameter µ(p) or IP 3 is changeable, and it is reasonable to study the local dynamics of the Ca 2+ oscillation in the absence of Ca 2+ diffusion. That is to say, parameter µ(p) can be regarded as a bifurcation parameter and it is confirmed that stable limit cycles appear via homoclinic bifurcation by increasing the value of µ(p). In Fig. 1 the Lyapunov exponent spectrums versus µ(p) at fixed time scale parameter τ h = 2 and τ h = 3 is plotted, respectively.
The results in Fig. 1 show that almost all of the Lyapunov exponents are negative at certain fixed parameter µ(p) or IP 3 which can induce a stable state, while few largest Lyapunov exponents vary close to zero which indicates a oscillating state. In our numerical studies, very few largest Lyapunov exponents are very close to zero with an order of magnitude about 10 −4 ∼ 10 −5 , it cannot be regarded as weak chaos because chaos cannot be observed in a two-variable autonomous system without time delay. The collective dynamics will be different from the local dynamics when the diffusion effect is considered.
Formation and survival of spiral wave
In theoretical studies, spiral wave can be developed by two ways within appropriate parameter regions. The first one is to break a traveling wave to make a spiral seed, another way is to induce a spiral wave by selecting appropriate initial values for the activator and inhibitor of the system. Clearly, Ca 2+ signals can be propagated when Ca 2+ concentrations are in the oscillating regions. In fact, some Ca 2+ concentrations in certain domain can be quiescent in cells and it is interesting to study how Ca 2+ signals are communicated and waves are propagated in these domains and/or layers. As it is known, spiral wave is self-sustained and can propagate in the media without source forcing. Therefore, it can be a useful way to realize Ca 2+ signals communication for those quiescent Ca 2+ domain only when Ca 2+ spiral wave is developed and occupies the whole quiescent region. In our numerical results, the Ca 2+ concentrations of most sites are in the quiescent region except for local sites that are selected with special values. Up to the best of our knowledge, Ca 2+ concentrations in the cell can be heterogeneous in the realistic cell, therefore, it is reasonable to select special and appropriate values for Ca 2+ concentrations in a local area. According to local dynamics from the bifurcation and the curve for the largest Lyapunov exponents of Atri model, it is found that the bifurcation parameter µ(p) mainly decides the dynamics of this model. A statistical synchronization factor is defined to measure the statistical property of the spiral wave based on the mean field theory. The statistical factor is described by
where the variable c ij describes the Ca 2+ concentration in site (i, j) and c s is the average value of Ca 2+ concentration in all sites. N is constant and N 2 = 40 000 sites in two-dimensional space are used in this paper. The average value of Ca 2+ concentrations F becomes invariable when the media becomes homogeneous or the concentrations in all sites are changed with the same value, and the factor of synchronization reaches certain constant close to zero. In fact, the calculation of the statistical factor of synchronization requires appropriate transient period to make a stable mean value, therefore, the factor of synchronization is the mean value of the Ca 2+ concentrations in all sites with certain transient period, and it can be regarded as a spatiotemporal average value of Ca 2+ concentrations. When each site is regarded as an oscillator, it indicates that all the oscillators reach synchronization when the factor of synchronization is very close to zero while other values can predicate generalized or phase synchronization. In the following numerical simulation studies, time step 0.001, the same initial values and no-flux boundary conditions are used. In the reaction-diffusion system, the diffusion coefficient D also plays an important role in supporting a spiral wave. Extensive numerical studies have been carried out to illustrate the factor of synchronization-measured transition from spiral wave to other states in the parameter µ(p) and diffusion coefficient D phase space. In Fig. 2 , the abscissa denotes the diffusion coefficient D, longitudinal coordinates mark µ(p), and the factor of synchronization is shown by the contour line.
Furthermore, the development and dynamical evolution of spiral wave of Ca 2+ at certain parameter regions are simulated in detail. At first, the case for µ(p) = 0.26 is investigated, and it is found that no spiral seed can be generated at any fixed diffusion coefficient D = 0.15 to D = 1.05. Then the case for µ(p) = 0.28 is investigated, the evolution of average value of Ca 2+ , the snapshots of Ca 2+ at fixed time and the curve for the factor of synchronization versus diffusion coefficient are plotted in Fig. 3 .
The results in Fig. 3(a) show that the average Ca 2+ concentration will reach a stable value after a transient period for most diffusion coefficients while long period oscillation is observed for the diffusion coefficient D = 0.35. The snapshots in Figs. 3(b) and 3(c) show that sparse spiral wave is developed at fixed parameter D = 0.35 and µ(p) = 0.28. The curve in Fig. 3(d) shows that the sudden changing point at D = 0.35 indicates a sudden transition from spiral wave to other states. Furthermore, the case for µ(p) = 0.284 is also investigated, and the numerical results are plotted in Fig. 4 .
The results in Fig. 4(a) show that the average value of Ca the survival of the spiral wave. We also investigate the case for µ(p) = 0.30 with different diffusion coefficients, and the results are shown in Fig. 5 . The results in Figs. 5(a)-5(f) show that the spiral wave can be easily developed to occupy the whole media within the shorter transient period, and the sudden changing point in the curve for the factor of synchronization versus diffusion coefficient indicates that the critical threshold of diffusion coefficient supports a rotating spiral wave. Furthermore, the case for µ(p) = 0.32 with different diffusion coefficients is also investigated in extensive studies, and it is confirmed that the spiral wave seed is generated and can be developed within appropriate transient period to occupy the entire media with increasing diffusion coefficient D from 0.1 to 0.45. According to the results in Figs. 2-5, it is confirmed that the appropriate value of µ(p) to induce and develop a stable rotating spiral wave is close to µ(p) = 0.30, and sudden changing points in the curve for the factor of synchronization versus diffusion coefficient indicate that the critical parameter supports a Ca 2+ spiral wave in the media. As it is known, noise can change the excitable property of the media, and thus spiral wave propagation is also affected. The noise in intracellular Ca 2+ system may originate from many complex sources. In this paper, a Gaussian white noise η(x, y, t) is used to simulate the noise sources by adding the Gaussian white noise to the right-hand side of Eq. (1). The statistical property of Gaussian white noise is often described by η(x, y, t) = 0 and η(x, y, t)η(x , y , t ) = 2D 0 δ(x − x )δ(y − y )δ(t − t ), where D 0 is the intensity of noise. In Fig. 6 , the dynamical formation and development of Ca 2+ spiral wave in the presence of weak noise is investigated.
The results of Fig. 6 confirm that a sparse spiral wave can be generated in the presence of weak Gaussian white noise. And extensive studies show that no spiral wave seed can be generated when the intensity of Gaussian white noise exceeds a certain threshold.
Above all, the dynamical formation and evolution of intracellular Ca 2+ spiral wave in single cell are studied in detail, it is confirmed that Ca 2+ spiral wave can be developed in the area where most 
Synchronization of Ca 2+ spiral waves
In this subsection, we will study the propagation of Ca 2+ spiral waves between two layers due to complete Ca 2+ coupling. The two layers (or cells, each cell can be simplified as a layer from the mathematical viewpoint) are marked by L-1 (drive system) and L-2 (driven system) and monodirectional and mutual coupling between L-1 and L-2 will be investigated, respectively. The same initial values will be used in L-1 (drive system) for generating spiral wave seed, we will discuss the problems on spiral wave propagation among the second layer due to different coupling when the second layer is selected with same initial values and/or random initial values, respectively. At first, monodirectional coupling is studied and the driven L-2 is described by 
Propagation and Synchronization of Ca
where the parameter k denotes the intensity of coupling, all other parameters are given the same values as above.
The results of Fig. 7(a) show that the average Ca 2+ in the Layer-2 becomes stable with increasing coupling coefficient to threshold k = 0.1, and the snapshots for dynamical evolution of spiral wave in L-2 show that Ca 2+ spiral wave is generated and developed due to the monodirectional Ca 2+ coupling. The curve in Fig. 7(b) shows that the factor of synchronization will reach a stable value with an increase in coupling coefficient. Extensive studies confirm that shorter transient period is taken to develop a stable rotating Ca 2+ spiral wave in L-2 due to monodirectional Ca 2+ coupling from L-1 to L-2. Furthermore, the case for smaller coupling coefficient is also investigated and it is found that no stable rotating Ca 2+ spiral wave can be developed but a target-like wave in the L-2, and the results are plotted in Fig. 8 when the monodirectional Ca 2+ coupling coefficient is selected with k = 0.05.
The results in Fig. 8 show that target-like wave can be developed in the driven L-2 due to monodirectional Ca 2+ coupling even if the coupling intensity is weak. In this way, Ca 2+ signals are propagated from one cell to another one via driving from Ca 2+ spiral wave.
In fact, mutual coupling of Ca 2+ between cells can be another possible way to propagate Ca 2+ signals. In the following, we will investigate the case for mutual coupling of Ca 2+ , and the same appropriate initial values for Ca 2+ concentration are used in L-1 as above, the initial values of L-2 will be selected with quiescent state and random value, respectively.
The results of Fig. 9(a) show that the factors of synchronization reach stable state on increasing the coupling coefficient k, the results of Fig. 9(b) confirm that the errors between the average Ca 2+ concentrations of L-1 and L-2 decrease to zero versus time and the transient period for the errors to reach zero becomes shorter with stronger coupling coefficients being used. A new spiral wave is generated in L-2 and it begins to synchronize the spiral wave in L-1 due to Ca 2+ concentration coupling, and the complete synchronization is reached when the errors between the average Ca 2+ concentrations of L-1 and L-2 become zero. As a result, spiral wave is propagated to another domain by generating a new spiral wave in the cell with appropriate mutual coupling coefficient being used. Clearly, the snapshots of two layers and the error curves for average Ca 2+ concentrations in Fig. 9(b) show that Ca 2+ spiral wave can be developed completely and the two Ca 2+ spiral waves reach complete synchronization within a transient period about 450 time units even if the initial state of Ca 2+ concentrations of L-2 are quiescent. The snapshots in Figs. 9(c1)-9(g2) confirm that spiral waves in the L-1 and L-2 are developed and synchronization can be reached by using appropriate coupling intensity, and thus Ca 2+ signal propagates and breaks through the quiescent domain.
We also investigate the case when the initial state of Ca 2+ concentrations in L-2 are random values, and same appropriate initial values are selected for the Ca 2+ concentrations in L-1. The factors of synchronization and errors of average Ca 2+ concentrations will be calculated as well.
The results in Fig. 10(a) show that the factors of synchronization decrease to a stable value with increasing mutual coupling coefficient to certain value and the curves in Fig. 10(b) illustrate that errors of average Ca 2+ concentrations of two layers completely reaching zero versus time with appropriate mutual coupling coefficients being used. The transient period for errors of average Ca 2+ concentrations to reach zero is taken when stronger mutual coupling coefficients are used. The curves in Fig. 10(b) In the case of monodirectional coupling, the Ca 2+ spiral wave in L-1 is kept alive and provides continuous drive to activate the Ca 2+ oscillations in L-2 and Ca 2+ spiral wave is developed in L-2 , and synchronization of Ca 2+ spiral waves is realized finally by appropriate coupling coefficients being used. In the case of mutual coupling, the developing Ca 2+ spiral wave in L-1 can be affected by the driving from L-2, and no stable spiral wave can be developed in both cells. Finally, we discuss the case for synchronization of Ca 2+ oscillation waves in the presence of Gaussian white noise. The factors of synchronization versus different intensities of noise at fixed coupling coefficient k = 0.2 are calculated and the results are plotted in Fig. 11 .
The results in Fig. 11 show that a maximal factor of synchronization is observed at fixed noise intensity D 0 = 0.0003 and coupling coefficient k = 0.2, and it is also confirmed that a shortest transient period for synchronization of Ca 2+ waves is taken with the intensity of noise corresponding to the peak value of the curve in Fig. 11 , that is to say, an optimal synchronization of Ca 2+ waves is found for an intermediate amount of noise, clearly it can be a resonance-like behavior due to noise.
Above all, it extensively investigates the propagation and development of Ca 2+ spiral wave in each cell and how Ca 2+ spiral wave in one layer activates (or synchronizes) the quiescent Ca 2+ in another layer to make Ca 2+ waves break through the quiescent areas in the cell. It is found that Ca 2+ waves can be propagated among layers (or cells when each cell is thought as a layer) due to the Ca 2+ waves coupling and synchronization. In this way, Ca 2+ signals are communicated in the cells. 
Conclusion

